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An incompressible composite algebraic stress model is presented that accounts for dissipation rate anisotropies
and that is validated against S-duct flow. The component algebraic stress and algebraic, anisotropic dissipation rate
models have been developed previously, and tested against homogeneous flow. The composite model is developed for
integration to the wall and is calibrated against high-Reynolds number plane channel flow data to ensure the correct
log-law behavior. The model is validated and analyzed against turbulent flow in an S duct. Both predicted mean
flow quantities and turbulence statistics are compared with experimental data, as well as with an isotropic eddy
viscosity model and an algebraic stress model with an isotropic dissipation rate. The experimentally observed lag
between the shear stress vector direction and the mean velocity-gradient vector direction is qualitatively predicted.
The effects of anisotropic dissipation rate on the production of the dissipation term in the dissipation rate equation
and on the scalar functions that multiply the linear and nonlinear terms in the tensor expansion are examined
relative to the algebraic stress formulation with an isotropic eddy viscosity.

I. Introduction

W ITH the constantly increasing demands on the predictive ca-
pability of the Reynolds averaged Navier-Stokes (RANS)

formulation for complex, aerodynamic turbulent flowfields, the need
for more accurate and more complete turbulent closures has also es-
calated. This results in an inherent demand for the incorporation of
more physics into the models, which then allows for better predic-
tive performance. Although the incorporation of physics is relatively
straightforward in phenomenological approaches, this step is more
challenging when some mathematical rigor is enforced. Because
complicated physical processes occur in engineering flows, the par-
ticular extra effects that should be incorporated into the models are
not always obvious. Nevertheless, even in the existing higher-order
closures, such as second-moment or Reynolds stress closures, sev-
eral assumptions have been made. Unknown correlations such as
the pressure-velocity transport term and the tensor turbulent dis-
sipation rate require closure. In the former case, incompressibility
modelers have either explicitly neglected the term with the argu-
ment that it is small or have included the term in the model for the
total turbulent transport. (Lumley1 argued that this term could be at
least 20% of the triple-velocity correlation, which would preclude
neglecting the term a priori.) For the turbulent dissipation rate, most
modelers have implicitly included the dissipation rate anisotropies
into the pressure-strain correlation. Any explicit accounting of these
anisotropies through models for the deviatoric part of the tensor dis-
sipation rate have previously assumed a direct correlation with the
turbulent Reynolds stresses.2 Recently, some interest has been evi-
dent in the development of alternatives that do not directly couple the
behavior of the dissipation rate anisotropies to that of the Reynolds
stresses. These alternatives3-4 include the development of evolution
equations for the tensor dissipation rate directly; these equations by
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their structure incorporate redistribution and transport effects into
the determination of the tensor dissipation rate components. The fo-
cus of this study is the adaptation of an anisotropic dissipation rate
model for practical implementation and application to engineering
flows.

Although such a model can be readily calibrated in homogeneous
turbulent flows by solving its (ordinary) differential form, applica-
tion to inhomogeneous flows requires the solution of an additional
set of six partial differential transport equations. When coupled with
a full second-moment transport model for the turbulent stresses, this
requires the solution of 12 transport equations for the turbulent cor-
relations alone, which is clearly outside the range of any engineering
application.

Recently, explicit algebraic stress models have received renewed
attention.5-6 These nonlinear extensions to a two-equation formu-
lation such as K-s allow for the inclusion of stress anisotropies in
the formulation, while the computational cost remains at the level
of a two-equation formulation. In addition, these models have been
tested on a variety of incompressible (and compressible) engineering
flows using both the K-s formulation7 -8 and the K—a> formulation.9
The results from these studies indicate that the explicit algebraic ap-
proach is a viable approximation to the full Reynolds stress closure
for a variety of engineering flows. This paper extends a coupled
algebraic stress and anisotropic dissipation rate formulation10 to in-
homogeneous flows by evaluating this composite model against the
performance characteristics of an explicit algebraic stress model
(EASM) with an isotropic dissipation rate.

In the next section, the relevant differential formulations for the
Reynolds stress and anisotropic dissipation rate are presented for
completeness. The resulting explicit algebraic stress and dissipation
rate models are also summarized. The models are then coupled with
the K-s two-equation formulation, and a composite model suitable
for integration to the wall is derived.

In Sec. Ill, the composite model is calibrated against channel flow
to ensure that the correct log-layer features are retained. In simple,
inhomogeneous flows such as channels, dissipation rate anisotropies
are confined mainly to near-wall regions. Thus, to assess the pre-
dictive capability of the composite model, it is necessary to exam-
ine a complex flow where these added anisotropic effects may be
necessary to successfully compute the flow outside the near-wall
region. One such flow, which has received significant attention, is
the S-duct flow.11 The transverse pressure gradient generated by
the curved side walls creates streamwise vorticity, which introduces
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three-dimensional effects into the flow. For validation studies, duct
flows have an advantage over open flow configurations in that the
Reynolds number and the strength of the three-dimensional effects
can be more easily varied and a better spatial resolution can be
achieved due to the relatively thick boundary layers. This particular
flow experiment is also ideally suited for computational validation
because it consists of a quasi-two-dimensional inlet flow, followed
by a curved wall section, and then a relaxation region where the
flow recovers back to a two-dimensional form. Comparisons with
experimental results11 are made to validate the model predictions
and to evaluate the influence of anisotropic stress and dissipation
effects on the flowfields.

II. Nonlinear Two-Equation Formulation
Unlike the usual isotropic eddy viscosity models that couple

a Boussinesq approximation for the turbulent stresses with the
mean momentum equations, the nonlinear two-equation approach
involves a more complex relationship between the turbulent stresses
and the mean flowfield. This increased complexity appears as an
explicit functional dependency of the eddy viscosity on the mean
velocity gradients, as well as a nonlinear extension to the linear de-
pendency on the mean strain rate field that appears in the Boussinesq
eddy viscosity constitutive relationship.

In this section, both anisotropic stress and dissipation rate effects
are included in the formulation through explicit algebraic relation-
ships for the stress and dissipation rate tensors. An outline of how
these extra effects appear in the formulation of the mean flow and
turbulent transport equations is presented.

A. Mean Flow and l\irbulent Transport Equations
The mean quantities of an incompressible turbulent flow are ob-

tained from a solution of the RANS equations given in nondimen-
sional form as

(1)

T>'J = Dljj/2, and the viscous diffusion. These terms are defined
by

(4a)

3u'

and

(4b)

(4c)

Consistent with the simplification that results from the two-
equation formulation, a simple form for the turbulent transport IX
is usually used:

with
v, = C^(K2/s) (5 a)

and aK = I and CM is usually in the range of 0.08-0.09. With this
model for the turbulent diffusivity, both the turbulent and molecular
diffusion terms can be combined into a gradient transport model
with an effective viscosity of v + vt/&K'

When an anisotropic turbulent dissipation rate formulation is
used, the isotropic dissipation rate equation can retain dissipation
anisotropies; thus, the form of the s equation is modified. From the
recent model of Speziale and Gatski,3 for the anisotropic dissipa-
tion rate, the isotropic (s = en/2) dissipation-rate equation can be
written as

-=n-^-2(l

where

(6)

(7a)

and

|L+fi.9| = _|£ + ̂ _gi (2)

where tij and p are the mean velocity and pressure, respectively, and
Re is the Reynolds number. The right-hand side of the equation also
contains both the viscous stress tensor o/y, which is proportional to
the mean strain rate, and the turbulent second-moment correlation
tensor r// = u\u'-, which requires closure.

In the incompressible formulation for the mean motion, only the
turbulent second-moment Reynolds stress tensor needs to be mod-
eled. For the higher-order closures, the transport equation for the r/;-
correlation is used:

= feC£2(s2/K) (7b)

, y (3)

where the right-hand side represents the rate of change of r// pro-
duced by the turbulent production F/7-, the deviatoric part of the
pressure strain-rate correlation nf;-, the turbulent dissipation rate
Sij, and the turbulent diffusion D\^k.

The deviatoric part of the dissipation rate is generally absorbed
into the pressure-strain correlation to account for any anisotropic
dissipation rate effects. However, as will be discussed shortly, when
models for the anisotropic dissipation rate £,-/ are utilized, this assim-
ilation into the pressure-strain correlation is no longer necessary.

The trace of Eq. (3) results in the turbulent kinetic energy equation
given by

DA:
"5T

32K
(4)

where D/Dr = 3/3t + Uj3/3xj and the right-hand side represents
the transport of K by the turbulent production P= Pn/2, the iso-
tropic turbulent dissipation rate e==e// /2, the turbulent diffusion

and Sij = (3ui/3xj + 3uj/3xj)/2 is the strain rate tensor. The first
and second terms on the right-hand side are the production and
destruction of dissipation, respectively, and the last term is the vis-
cous diffusion. The third term represents an additional production
of dissipation by the dissipation rate anisotropy:

dij = 2s (8)
The dissipation-rate diffusion term is modeled for the two-equation
formulation as

vt 3sT)t — _L __ (Q\
£j ~ a£ 3xj ( }

Note that in the destruction of dissipation term (7b) a damping
function fe has been introduced so that the equation set can be
integrated directly to the wall. This function removes the singularity
in the term at the wall and moves the location of the predicted buffer
layer region. Various forms of this function exist, and the function
has been calibrated for the isotropic eddy viscosity formulation. It
will also need to be calibrated in this study because both stress and
dissipation-rate anisotropies are introduced and have an effect on
the prediction of the near-wall and log-layer behavior.

The closure constants p>, Ce\, Ce2, and cr£, as well as the damping
function /£, must now be determined. However, first the turbulent
stress TJJ and dissipation-rate fields £/7- must be specified.

B. Explicit Algebraic Stress and Dissipation-Rate Models
The derivation and application of the EASM used in this study

has been presented previously.5'7"9 The basis of the explicit model
has not changed since the model's inception5; however, in the ap-
plication studies, issues of numerical robustness have surfaced that
have required modification to the turbulent eddy viscosity func-
tional dependency to account for regions in which the turbulence
is characterized by its rapid distortion limit. A computationally ro-
bust formulation for incompressible flows has been proposed8 and
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is the starting point for the derivation outlined here. Note that this
extension to account for rapid distortion effects is not unique and
that other alternatives have been proposed that strictly adhere to the
correct limiting behavior in the rapid distortion limit12; however,
these alternatives have not been tested in practical engineering ap-
plications. Note that regardless of the approach that is used, in the
dynamically significant regions of the flows that have been studied
thus far these functional extensions do not alter the nonlinear eddy
viscosity behavior.

The starting points for the derivation of the algebraic models for
both the turbulent stress and dissipation rate anisotropies are 1) the
equilibrium assumptions that are imposed on both the convective
and diffusive terms that appear in the Reynolds stress transport
equations5 and 2) the anisotropic dissipation rate equations.3 These
constraints are imposed on the anisotropy tensor

2K (10)

for the Reynolds stress and djj [Eq. (8)] for the dissipation rate. This
step yields the following set of implicit linear algebraic equations
for the anisotropy tensors3'5'1():

- - w* ̂ .) = -s*. -

W;,. - w*kd*kj) =
where

(11)

(12)

(13a)

*J=I*(TL + TL} (13b)
2 \ dxj 3xj )

w. = L _ i
1J 2\8xj dxt

= (£- C2)(g/2), «2 = (2 - C4)(g/2)

= (£A + l!r)
i

ft = (|f ft - ±)

C t -

(13c)

(13d)

(13e)

(13f)

with Ci = 6.8, C2 = 0.36, C3 = 1.25, and C4 = 0.40. This set
of coefficients is based on the Speziale, Sarkar, and Gatski (SSG)
pressure-strain correlation model13 and has been used in a variety of
test flow calculations.7"9 In the SSG model, the coefficient C\ is de-
pendent on the production-to-dissipation ratio (Ci = 3.4+1.8P/s),
and the value of C\ = 6.8 is based on the calibrated equilibrium value
for this ratio in homogeneous shear flow (P/s = 1.88). In the com-
posite model, a slightly different calibrated equilibrium value for
the P/s ratio is obtained, and this value is used to determine Ci, as
well as the coefficients Cs and Cge, which are the values of P/s for
homogeneous shear flow. These constant coefficients will be fixed
in the next section. From the development and calibration of the
anisotropic dissipation rate model,3

C£5 = 5.8, ft = 0.6 (14)

Equations (11) and (12) are the starting points for the algebraic stress
and dissipation rate formulations.

Equations (11) and (12) both fit into the general functional form

where a\ and a2 are constants, f)*. represents either b*j or d,*., and

(16)

form the three-term integrity basis (A. = 1, 2, 3) for functions of a
symmetric and an antisymmetric tensor. The Lw are either con-
stants or, more generally, scalar functions of the irreducible invari-
ants of S*j and Wf*.. Note that this three-term expansion is only
formally valid for two-dimensional flows. For three-dimensional
flows, the 10-term basis would be required; however, Gatski and
Speziale5 have shown that the three-term basis is a truncation of
the full tensorial expansion of the lowest order. For this reason and
because the full 10-term basis is too cumbersome for practical cal-
culations, the three-term basis is recommended for both two- and
three-dimensional flows. The solution to this system is the polyno-
mial expansion

Fu = ̂ G(x}TiT (1?)

where G(x) are also scalar functions of the irreducible invariants of
5*. and W£. given by

G(D = _c*(L(1) + 2a2£2L(2) - (fll/3)?72L(3)) (18)

G(2) = _a2G(D _ L<2)

with

C* =

r, =

(20)

(21)

(22)

Unfortunately, singularities may appear in the coefficients for
some values of the scalar invariants. This problem has been treated
previously by a regularization procedure that retains the correct
functional behavior away from the singularity but yields finite val-
ues in the vicinity of the singularity.5 In addition, as more practical
flow problems have been solved, alternate regularizations have been
used to increase the robustness and applicability of the models.7"10

Fortunately, throughout this study, it has been found that the non-
regularized form of C* given in Eq. (21) was sufficient. Thus, it
was not necessary to complicate the performance analysis with the
introduction of the regularized forms for C*.

The EASM that is obtained from Eq. (1 1) with dfi = 0 leads to
ai = 1,02 = -1, £(1) = 1, and L(2) = L(3) = 0 in Eq. (15) and

where

c* =

(23)

(24)

One goal of this study is to evaluate the performance of a com-
posite algebraic stress and dissipation rate model. Toward this
end, the coupled set of linear algebraic equations (11) and (12)
must be solved. The explicit algebraic polynomial expansion3 for
d*j from Eq. (12) can also be obtained directly from a compari-
son with Eq. (15). This comparison yields a\ = — (ft/a3), 02 =
-G8i/a2), L^ = (2ge/l5ai), and L<2> = L<3> =0, which gives the
explicit relationship3

(15) (25)
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where

Because the dissipation rate anisotropy d*j is independent of the
stress anisotropy b*j9 the explicit representation for df- given in
Eq. (25) can be directly substituted into Eq. (11) to yield an im-
plicit relation for the algebraic stress model10 given by

- \ b

= -d + AW -

where

A, =

(27)

A, = ̂ Ai (28)

Note that Eq. (27) has the same functional form as Eq. (15) even
when d*j ^ 0. Also recognize that anisotropic dissipation rate ef-
fects have now been incorporated into the formulation through the
coefficients Aj. If these coefficients are zero (C*£ = 0), then Eq.
(27) reduces to the implicit linear algebraic expression given in Eq.
(1 1) with dfj = 0. A comparison of the form of Eq. (27) with that
of Eq. (15) yields the coefficients ai = l,a2 = -\, L(1) = l+A\,
and L(2) = A2, £(3) = 2A3. The G(x) are, then,

= -C*{1

G(2) - -

G(3) -

(29)

-2(j81/of2)f2]}

The final explicit polynomial expression for T,^, which includes the
effects of anisotropic dissipation rate, is then given by10

(30)

This explicit algebraic relationship is now coupled with Eq. (4) for
the turbulent kinetic energy and Eq. (6) for the turbulent dissipation
rate. A further simplification to Eq. (6), which assimilates the dissi-
pation anisotropy term into the production of dissipation term, has
been proposed by Speziale and Gatski.3 By using Eq. (25) and the
assumption of equilibrium, the dissipation rate equation [Eq. (6)]
reduces to the form

where

15CU

with

C£2 = 1.83, 3 / 1 4 / j 16\
= 4(1!&- 33)

= [l-exp(-y+/5.2)]2,

K = 0.41

y+ =

(32)

(33a)

(33b)

(33c)

where the subscript / denotes the log-layer value, UT is the shear
velocity, and y is taken as the distance normal to the surface.

III. Calibration and Validation
To finalize the composite model, the closure coefficients that have

not been specified must be calibrated. From the discussion of the
algebraic stress and dissipation rate equations (11) and (12), the
coefficients C\, Cg, and Cge, which are related to P/e, must be
evaluated; from Eq. (32), Cel must be determined as well. These
coefficients are determined from a calibration with the equilibrium
results from a direct numerical simulation (DNS) of homogeneous
shear flow14 and are given by

= Cg£ = 1.85, d = 6.73, C£i = 1.20 (34)

As shown in Table 1, the calibration of the composite model pro-
vides a good approximation to the DNS results for the anisotropy
tensor bijt the nondimensional shear rate SK/e, and the P/e ratio.
The results from the composite model are also in close agreement
with the results from the algebraic dissipation rate model (ADRM)
coupled with a full Reynolds stress model3 (RSM).

The formulation presented for both the EASM model and the
composite model does not include any of the regularization modi-
fications that have been proposed previously.8'12 These regulariza-
tions account for flows with strong shear rates that cause singular-
ities in the C* coefficient. Figure 1 shows the behavior of the two
models in the (HIb, —lib) phase space (where IIIb = bjpbpqbqil?>
and ///, = —bipbpi/2) for a wide range of nondimensional shear
rates. As expected from the comparison with the DNS results (Ta-
ble 1), both models closely approximate the invariant values from
the DNS as well. However, the composite model is better able to
capture the effect of high shear rates by tracking toward the one-
component limit of the invariant map. The nonregularized EASM
model saturates in the middle of the phase plane.

In Eq. (33b), the coefficients C*u « 1.45 and C*; « 0.079 are the
values of C*{ and C* found in the log layer of channel flow with
C^ = 0.094; in Eq. (33c), the function fe is calibrated against the
channel flow data. Figure 2 shows the model predictions for the log
law, the turbulent kinetic energy, and the turbulent stress components
compared with both the experimental data of Laufer15 at a Reynolds
number (based on bulk velocity and channel width) of 61,600 and

Table 1 Equilibrium values for homogeneous shear flow

Equilibrium
values

bn

SK/e
P/e

Composite
model

0.200
-0.155
-0.139
-0.061

5.98
1.85

ADRM
with RSM

0.200
-0.153
-0.139
-0.061

5.95
1.83

DNS

0.215
-0.158
-0.153
-0.062

5.70
1.85

0.30 -

0.25 -

0.20 -

0.15 -

0.10 -

0.05 -

0.00.
-0.01 0.00 O.Oi 0.02 0.03 0.04 0.05 0.06 0.07

Fig. 1 Homogeneous shear phase plane mapping of EASM and com-
posite model for different shear rates (SK/e, D): O, DNS (SK/e = 5.70);
—— , composite model; and —— , EASM.
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Fig. 2 Composite model calibration for incompressible channel flow: n, experiment; ——, composite model; and ——, EASM.
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Fig. 3 Top view of three-dimensional S-duct geometry.

the EASM results. As shown in Fig. 2 the new composite model, as
well as the previously developed EASM, replicates the log law quite
well and also yields good overall agreement with the turbulence
quantities.

The composite model is tested here against a complex internal
flow case, and the results are compared with the experimental results.
The S-duct test case is ideally suited for computational validation be-
cause it consists of a quasi-two-dimensional inlet flow, followed by
the curved wall section and then a relaxation region where the flow
recovers back to a two-dimensional form. Unlike straight square
duct flows where differences in the turbulent normal stresses induce
streamwise vorticity, the curved section of the S-duct flow, through
the transverse pressure gradient, generates a streamwise vorticity,
which enhances the turbulent stress anisotropy in the flowfield.

A top view of the S-duct geometry is shown in Fig. 3 along with
the relative positions of the measuring stations along the duct. The
entire length of the duct L is 8.1 m; the upstream section is 1.1 m
long, the S section is 3 m long, and the downstream section is 4 m
long. The inlet Reynolds number is 106 based on the centerline
velocity and half-height h. This S-duct experiment11 is an extension
of previous work16 and is characterized by a stronger bend. The
results presented here are the first full Navier-Stokes computations
performed on this geometry. In the S duct, it is the development of
the boundary layer on the flat bottom surface (z = 0) that is studied.
The boundary layer is made three dimensional and the enhanced
stress anisotropy is promoted by way of the transverse (y direction
in Fig. 3) pressure gradient generated by the curved side walls. In

this test, three models are compared: an isotropic eddy viscosity
model (EVM),17 the EASM,5 and the new composite model.

The computations are performed by using a finite volume
method18 with a cell-centered discretization. Grid dependence tests
have been performed with three grids having a different number of
cells in the y and z directions: a coarse grid consisting of 46 x 25 x 25
elements in the x, y, and z directions, respectively; a finer grid hav-
ing 46 x 50 x 50 elements; and the finest grid having 46 x 50 x 100
elements. The differences between the results obtained on the two
finer grids were very small, suggesting that further mesh refine-
ment was not necessary. For this reason, the quantities presented
here are deduced from the calculations done with the intermedi-
ate grid (46 x 50 x 50 elements). The inlet conditions, taken from
experiment,11 have shown that the boundary layer developing along
the bottom wall (z = 0) is two dimensional over most of the in-
let plane (x = 0). Because the interest of the S-duct experiment is
to study the effect of transverse pressure gradients on an initially
two-dimensional boundary layer, it is important to have good res-
olution on the bottom wall. This was attained because the first cell
center was located on average at z+ ̂  0.25 along the bottom wall.
Of lesser importance were the effects of the side walls, which were
used to attain a transverse pressure gradient that forces the flow to
follow the two consecutive bends. Wall functions, therefore, have
been used for the two side walls because it is less crucial to capture
here the boundary layers developing on these curved side walls than
the subsequent transverse pressure gradient. Because the flow is
symmetric in the z direction, only half the duct was computed. This
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Fig. 4 Streamwise variation of mean flow properties along duct cen-
ter line: o, experiment; ——, composite model; - - - -, EASM; and ——,
EVM.

also minimizes grid points and allows for a greater concentration of
points in the z direction.

Figure 4 shows the Streamwise evolution of some mean flow
properties along the duct centerline. All models correctly predict
the freestream velocity angle ye (=ian~1[Ve/Ue], where the sub-
script e denotes boundary-layer edge value) along the centerline,
which confirms that anisotropic effects are weak in this region with
essentially minimal effects of viscosity. For consistency with the
experimental results, the boundary-layer thickness 8 is defined as
the location where the magnitude of the mean velocity was 99.5%
of the freestream velocity. The model predictions are similar at the
first three measuring stations (Pi-P3); however, as expected the pre-
dictions diverge as the pressure-gradient effects become important
at stations P4 and Ps. At these downstream stations, the anisotropic
models yield a better prediction of 8. The displacement thickness
<5* predictions in Fig. 4c show that at the first measuring station
all models underpredict the level of 5*, although all of the models
display the correct qualitative trend throughout the duct. Overall,
the composite model outperforms both the EASM and the EVM in
predicting 8*. A similar result is evident in Fig. 4d for prediction

i.o
0.8

5^0.6
D

0.4

0.2

0.0
0.0 0.4 0.8 1.2

z/6
1.6 2.0

a) PI (x = 1.39,y = 0.50)

1.0

0.8

0.4

0.2

0.0
0.0 0.4

b)P2(* = 2.23, .y = 0.39)

0.8 1.2
z/5

2.0

0.0 0.4 0.8 1.2 1.6 2.0

c)P3(jc = 2.80, .y = 0.11)

1.0

0.8

0.4

0.2

0.0
0.0 0.4 0.8 1.2 1.6 2.0

z/8

d)P40: = 3.60,v = -0.30)

Fig. 5 Streamwise velocity profiles at various S-duct locations: O, ex-
periment; ——, composite model; - - - -, EASM; and ——, EVM.

of the momentum thickness 9. Furthermore, the composite model
is better able to capture the local maximum at point P2 for both 8*
and 0 and the boundary-layer growth downstream of station P4.

Figure 5 shows the variation in the Streamwise mean velocity Us
profiles at five different measuring stations. The location coordinates
for the positions PI-PS are given; the relative locations in the duct
can be seen in Fig. 3. As shown, the predictions of the three models
are quite good at the first three measuring stations. At stations P4
and P5, the composite model outperforms the other two models in
predicting the experimental distributions.
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Fig. 6 Profiles of total shear stress in x-y plane at various S-duct lo-
cations: O, experiment; ——, composite model; - - - -, EASM; and ——,
EVM.

One justification for the use of higher-order turbulence closure
models is the ability to extract a better representation of the turbu-
lence in the flowfield. Because the algebraic closures used here can
better account for both the stress and dissipation rate anisotropies,
these models should provide better predictions of the turbulent flow-
field. In Fig. 6, profiles of the total shear stress
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Fig. 7 Profiles of velocity-gradient vector direction ~fg and shear-stress
vector direction ~fr at various S-duct locations: O, jg experiment; A, 7r
experiment; ——, 7^ composite model; - - -, 7T composite model; - - - -,
7^ EASM; and ——, 7r EASM.

in the s-n plane (see Fig. 3) are shown at each of the five mea-
surement stations. At station PI, all models deviate from the exper-
imental points; the EVM provides the most accurate prediction. At
PI and PS, the two explicit algebraic models more closely approxi-
mate the data; the EASM performs slightly better. However, farther
downstream in the recovery region, the composite algebraic stress
model begins to outperform the EASM, and then at P5 this model
provides the best predictions. As the freestream is approached, all
models converge to the same values.



334 JONGEN, MOMPEAN, AND GATSKI

0.90

0.80

0.70

0.60

n <?n

_ . . , , , , , , , , . , , , , , , , , _

: -j

: :

0.000 0.200 0.400 0.600
z/8

a) Pl (x = 1.39,;y = 0.50)
i.o

0.800 1.000

0.9

0.8

0.7

0.6

0.5
0.00 0.20

= 2.23, y = 0.39)

0.40 0.60
z/8

0.80 1.00

1.0

0.9

0.8

0.7

0.6

0.5
0.00 0.20 0.40 0.60

z/8

c)P3(* = 2.80, ̂  = 0.11)
1.0

0.80 1.00

0.9

0.8

0.7

0.6

0.5
0.00 0.20 0.40 0.60

z/8
0.80 1.00

= -0.30)

1.0

0.9

0.8

0.7

0.6

0.5
0.00 0.20 0.80 1.000.40 0.60

z/8
e) P5 (x = 4.20,y = —0.10)

Fig. 8 Variation of G(1) across S-duct at different streamwise locations:
——, composite model and - - - -, EASM.

Figure 7 shows profiles of the direction of the velocity-gradient
vector and shear-stress vector along the duct, which are given by

Y8 =

YT =tan"1(rBZ/TJZ)

(36)

(37)

At the first three measurement stations, the two models perform
equally and exhibit the same qualitative trends as the data. Farther
downstream at stations P* and P5, the predictions diverge. Both the

composite model and the EASM show the characteristic lagging
of the shear-stress vector behind the velocity-gradient vector, as in
the experimental results11; however, the composite model provides
a slightly better prediction of the magnitude levels. Recall that an
obvious deficiency of the EVM model is that the shear-stress vector
and the velocity-gradient vector are aligned everywhere.

As the results for the mean flow and turbulence quantities have
shown, the composite model agrees more closely with the exper-
imental results than the EASM and, of course, the EVM. These
improvements are realized with a minimal increase in computa-
tional cost over that of the EVM. The inclusion of the anisotropic
dissipation rate effects in the algebraic stress formulation modifies
both the production of dissipation term through C*t [Eq. (32)] and
the turbulent Reynolds stresses through the scalar functions G(x)

[Eq. (29)].
For the EASM, C*t = Ce\ = 1.44. In the new composite model,

C*j ^ 1.51 and remains relatively constant throughout the boundary
layer at the duct measuring stations P\-Ps. This value is also the
same as the value that is obtained from the channel flow calibration
shown in Fig. 2.

The scalar functions G(A) are simply related in the EASM by

and

Gd) = _

G(2) = G(

G(3) = -

(38)

(39)

(40)

In the composite model, the G(A) have a more complex relationship:

)] (41)G(D = _c* _

and
G(3) = _2G0) _

(42)

(43)
The second term on the right in Eq. (41) has a nearly constant
additive effect relative to the behavior of G(1) in the EASM across
most of the boundary layer (Fig. 8). Only in the outer part of the
boundary layer at stations PI and P2 do the predictions from the two
models coincide. In the composite model, the effect of the linear
term in the tensor expansion has been diminished; Fig. 8 shows
a reduction in the value of G(1) over half of the boundary layer
in comparison with the EASM results. It can be verified that this
reduction is partially offset by an increase in the values of G(2) and
G(3) relative to the EASM values.

IV. Concluding Remarks
The performance of a composite EASM for the turbulent

Reynolds stresses, which accounts for dissipation anisotropies, has
been analyzed. This explicit algebraic model has been calibrated
for application to wall-bounded turbulent flows by introducing a
damping function factor into the destruction of dissipation term in
the isotropic dissipation-rate equation. The coefficient in the pro-
duction of dissipation term C*t is now sensitized to both the mean
strain rate and rotation rate fields, which results in a new, higher
level for the production of dissipation. The Reynolds stresses are
also directly affected by the dissipation rate anisotropy through the
alteration of C* in the nonlinear eddy viscosity.

In a validation comparison with an S-duct flow, the new model
outperforms both the EVM and the EASM in predicting both mean
and turbulent flow quantities. In the calculation, the value of C*t
increases relative to the EASM value for Ce\ but remains relatively
constant across the boundary layer. The scalar functions Gw for
the composite model are altered by the inclusion of the dissipation
anisotropies. Whereas the value of the function G(1) (linear term)
in the composite model is less than the corresponding value in the
EASM across most of the duct, the value of the nonlinear terms,
represented through G(2) and G(3), is greater than the corresponding
value in the EASM across the duct.

The methodology and validation study presented show that the ef-
fects of dissipation rate anisotropy can be incorporated into an alge-
braic stress framework and applied to a complex flowfield at minimal
additional computational cost. Although further validation studies
involving external aerodynamic flows may be more challenging due
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to the high Reynolds numbers and corresponding thin boundary lay-
ers, the present composite model can prove to be a robust predictive
tool and, with its inclusion of anisotropic dissipation rate effects, an
improved predictive tool for such flowfields.
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